ON THE 3-TORSION PART OF THE HOMOLOGY OF 
THE CHESSBOARD COMPLEX 
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$— ( , Abstract. Let 1 < m < n. We prove various results about 

^ ' the chessboard complex M,„ „, which is the simplicial complex of 

matchings in the complete bipartite graph Km.n- First, we demon- 
\^ \ strate that there is nonvanishing 3-torsion in i?(i(Mm,n;Z) when- 

^S| ' ever "^+"-^ < d < m — 4 and whenever 6 < m < n and d — m — i. 

Combining this result with theorems due to Friedman and Hanlon 
and to Shareshian and Wachs, we characterize all triples (m, n, d) 
satisfying Hd{Mm,n\ ^) 7^ 0. Second, for each fc > 0, we show that 
there is a polynomial /fc(a, h) of degree 3fc such that the dimension 
^ ! of ^fc+Q+2b-2(Mfc+Q+3b_i^fe+2a+3f)-i; ^3), vicwcd as a vector space 

j^ ' over Z3, is at most /^(a, h) for all a > and 6 > fc + 2. Third, we 

give a computer-free proof that i/2(M5.5;Z) = Z3. Several proofs 
are based on a new long exact sequence relating the homology of 
a certain subcomplex of M„i.„ to the homology of M„j_2.n-i and 
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Given a family A of graphs on a fixed vertex set, we identify each 
member of A with its edge set. In particular, if A is closed under 
deletion of edges, then A is an abstract simplicial complex. 
c^ . A matching in a simple graph G is a subset a of the edge set of G 

such that no vertex appears in more than one edge in a. Let M(G) be 
the family of matchings in G; M(G) is a simplicial complex. We write 
M„ = M{Kn) and Mm,n = M{Km,n), where Kn is the complete graph 
on the vertex set [n] = {1, . . . ,n} and Km,n is the complete bipartite 
graph with block sizes m and n. M„ is the matching complex and Mm,n 
is the chessboard complex. 
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The topology of M„, M^.n, and related complexes has been subject 
to analysis in a number of theses [H El El [101 [13 [H] and papers [21 [31 
[ll[5l[71[8l[T6l[T8l[T9l[22];see Wachs [21] for an excellent survey and 
further references. 

Despite the simplicity of the definition, the homology of the match- 
ing complex Mn and the chessboard complex Mm,n turns out to have 
a complicated structure. The rational homology is well-understood 
and easy to describe thanks to beautiful results due to Bouc [5] and 
Friedman and Hanlon [8J, but very little is known about the integral 
homology and the homology over finite fields. 

A previous paper [12] contains a number of results about the integral 
homology of the matching complex M„. The purpose of the present 
paper is to extend a few of these results to the chessboard complex 

For 1 < m < n, define 

' ^ '' 3 '-■ I m-1 ifn>2m-l. 



Note that |" "^+"~^ "| = rn—1 for 2m — 1 < n < 2m + l. By a theorem due 
to Shareshian and Wachs [19], M^.n contains nonvanishing homology 
in degree //„,« for all m,n > 1 except (m, n) = (1,1). Previously, 
Friedman and Hanlon demonstrated that this bottom nonvanishing 
homology group is finite if and only if m < ra < 2m — 5 and (m, n) ^ 
{(6, 6), (7, 7), (8, 9)}. 

To settle their theorem, Shareshian and Wachs demonstrated that 
Humn{^m,n]'^) contains nonvanishing 3-torsion whenever the group is 
finite. One of our main results provides upper bounds on the rank of 
the 3-torsion part. Specifically, in Section [121 we prove the following: 

Theorem 1. For each k > 0, a > 0, and b > k + 2, we have that 
dimHk+a+2b-2{Mk+a+3b-i,k+2a+3b-i;'^3) is hounded by a polynomial in 
a and b of degree 3k. 

An equivalent way of expressing Theorem [T] is to say that 

dim^d(M^,„; Zg) < f^^d-m-n+iin -m,m-d-l) 

whenever m < n < 2m — 5 and '""^^"'^ ^ d < ^"^+"~'^ ^ where fk is a 
polynomial of degree 3k for each k. The bound in Theorem [1] remains 
true over any coefficient field. 




m 


= k + a + 3b - 


1 


n 


= k + 2a + 3b - 


1 


d 


= k + a + 2b - 


2. 
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Note that we express the theorem in terms of the following transfor- 



= —m — n + 3d + 4 
= —m + n -^ 

= m — d — 1 

Assuming that m < n, each of the three new variables measures the 
difference between two important parameters: 

• For m < n < 2m + 1, we have that k measures the difference 
between the degree d and the bottom degree in which M^.n has 
nonvanishing homology; | = d — "^+^~^ . 

• a is the difference between the block sizes n and m. 

• b is the difference between dim Mm,n = m — 1 and d. 

To establish Theorem [T], we introduce two new long exact sequences; 
see Sections 12.31 and 12.41 These two sequences involve the subcomplex 
Tm,n of Mm,n obtained by fixing a vertex in the block of size n and 
removing all but two of the edges that are incident to this vertex. Our 
first sequence is very simple and relates the homology of Mm,n to that 
of Tm,n and Mm-i,n-i- Our second sequence is more complicated and 
relates F^.n to Mm-2,n-i and Mm-2,n-3- Combining the two sequences 
and "cancelling out" Tm,n, we obtain a bound on the dimension of the 
Zg-homology of Mm,n in terms of M,„_i^„_i, M„_2,n-i, and M„_2,„_3. 
By an induction argument, we obtain Theorem [H 

For k = 0, Theorem [1] says that dimif,^^,^(Mm,n; ^3) is bounded by 
a constant whenever m < n < 2m — 5 and m + n = 1 (mod 3). Indeed, 
Shareshian and Wachs [19] proved that Hi,^^{Mm,n','^) — ^3 for any 
m and n satisfying these equations. Their proof was by induction on 
m + ra and relied on a computer calculation of if2(M5,5; Z). In Section [3l 
we provide a computer-free proof that if2(M5_5;Z) = Z3, again using 
the exact sequences from Sections 12.31 and 12.41 

In Section 14. ![ we use results about the matching complex M„ from 
a previous paper [I^ to extend Shareshian and Wachs' 3-torsion result 
to higher-degree groups: 

Theorem 2. Form+1 < n < 2m,— 5, there is 3-torsion in Hd{Mfn,n', ^) 
whenever "'"^^"^ < d < m — 3. There is also 3-torsion in Hd{Mm,m'i ^) 
whenever ^"^~^ < d < m — 4. 

Note that m + 1 < n < 2m - 5 and ™d|cd < d < m - 3 if and only 
if fc > 0, a > 1, and b > 2, where k, a, and b are defined as in ([1]). 
Moreover, m = n and ^"1~^ < d < m — 4 if and only if A; > 0, a = 0, 
and 6 > 3. 
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Our proof of Theorem [2] relies on properties of the top homology 
group of Mk,k+i for different values of k; this group was of importance 
also in the work of Shareshian and Wachs [19] . 

Thanks to Theorem [2] and Friedman and Hanlon's formula for the 
rational homology [8] , we may characterize those {d, m, n) satisfying 

Theorem 3. For 1 < m < n, we have that Hd{Mm,n] ^) is nonzero if 
and only if either of the following is true: 

• [ "^+3""^ ] <d<m-2. Eqmvalently, k > 0, a > 0, and b > 1. 

• d = m — 1 and n > m + 1. Equivalently, k >2 — a, a > 1, and 
6 = 0. 

Again, see Section WTl for details. 

The problem of detecting p-torsion in the homology of M^,^ for 
p 7^ 3 remains open. In this context, we may mention that there 
is 5-torsion in the homology of the matching complex M14 [13]. By 
computer calculations [H], further p-torsion is known to exist for p G 
{5,7,11,13}. 



1.1. Notation. We identify the two parts of the graph i^m.n with the 
two sets [m] = {l,2,...,m} and [n] = {1,2, ...,n}. The latter set 
should be interpreted as a disjoint copy of [n]; hence each edge is of 
the form ij, where i G [m] and j G [n]. Sometimes, it will be useful 
to view Mm,n as a subcomplex of the matching complex M^+n on the 
complete graph Km+n- In such situations, we identify the vertex j in 
Km,n with the vertex m + j in Km+n for each j G [n] . 

For finite sets S and T, we let Ms,t denote the matching complex on 
the complete bipartite graph with blocks S and T, viewed as disjoint 
sets in the manner described above. In particular, M[m],[n] = Mm,n- For 
integers a < 6, we write [a,b] = {a,a + 1, . . . ,b — 1, b}. 

The join of two families of sets A and S, assumed to be defined on 
disjoint ground sets, is the family A*'E = {6Ua:6EA,a& S}. 

Whenever we discuss the homology of a simplicial complex or the 
relative homology of a pair of simplicial complexes, we mean reduced 
simplicial homology. For a simplicial complex E and a coefficient ring 
F, we let Co A ■■■ A e^ denote a generator of Cd(T,; F) corresponding to 
the set {eo, . . . , e^} G S. Given a cycle z in a chain group Cd{^] ^), 
whenever we talk about z as an element in the induced homology group 
i7d(E; F), we really mean the homology class of z. 
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We will often consider pairs of complexes (F, A) such that F \ A is 
a union of families of the form 

S = {cr} * Ms,T, 

where a = {ei, . . . , Cg} is a set of pairwise disjoint edges of the form ij, 
and where S and T are subsets of [m] and [n], respectively, such that 
S'nej = Tnej = for each i. We may write the chain complex of S as 

Cdi^- F) = (ei A ■ ■ ■ A e,)F ®^ (7d_|.| (M5,t; F), 

defining the boundary operator as 

(9(ei A ■ ■ ■ A Cs ^¥ c) = (-l)''ei A ■ ■ ■ A e^ (8)f d{c). 

For simplicity, we will often suppress F from notation. For example, 
by some abuse of notation, we will write 

ei A • • ■ A e, ® Cd^\a\{Ms,T) = (ei A ■ ■ ■ A e,)F ®f Cd-\a\{Ms,T; ^)- 

We say that a cycle z in C'd_i(M^,„; F) has type ["i;"^] A- ■ ■ A [™-"'] if 
there are partitions [m] = IJi=i "^i ^^d [n] = IJi=i ^j such that \Si\ = rrii 
and \Ti\ = rii and such that z = zi A ■ ■ ■ A Zs, where Zi is a cycle in 
Q-i(M5„r,;F) for each 2. 

1.2. Two classical results. Before proceeding, we list two classical 
results pertaining to the topology of the chessboard complex M^ „. 

Theorem 1.1 (Bjorner et al. [1]). For m,n > 1, Mm„ is {vm.n ~ 1)- 
connected. 



Indeed, the z/m,n-skeleton of M^.n is vertex decomposable [22]. Garst 
[9] settled the case n > 2m — 1 in Theorem 11.11 As already mentioned 
in the introduction, there is nonvanishing homology in degree z/,„,n for 
all {m,n) ^ (1, 1); see Section [3] for details. 

The transformation ([T]) maps the set {(m, n, 1/^,^) '■ 1 < m < n} to 
the set of triples [k, a, b) satisfying either of the following: 

• k e{0, 1, 2}, a > 0, and 6 > 1 (corresponding to ci = \!n±^-] 
and m < n < 2m — 2). 

• 2 — a <k <2 and 6 = (corresponding toO<(i = m — 1 and 
n > 2m — 1). 

Friedman and Hanlon [8j established a formula for the rational ho- 
mology of M„i,n; see Wachs [21] for an overview. For our purposes, the 
most important consequence is the following result: 

Theorem 1.2 (Friedman and Hanlon [8j). For 1 < m < n, we have 
that Hd{Mrn,n','^) is infinite if and OTily if {mi — d — 1) {ti — d — 1) <d+l, 
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m > d+1, and n > d + 2. In particular, Hy^^{\\l\m,n'-, ^) ^-5 finite if and 
only if n < 2m — 5 and {m,n) ^ {(6, 6), (7, 7), (8, 9)}. 

With k, a, and h defined as in ([T]), the conditions 1 < m < n, 
{m — d — l){n — d — 1) < c? + 1 < -m, and n> d + 2 are equivalent to 

h{a + h)<k + a + 2h-l <^^ {b - l)(a + b-l) <k, 

a > 0,b > 0, a+b > 1, and k+a+3b > 2. Moreover, the conditions d = 
J^m,n, m <n < 2m — 5, and {m,n) ^ {(6, 6), (7, 7), (8, 9)} are equivalent 
to A; G {0, 1, 2}, a > 0, 6 > 2, and {k, a, b) ^ {(1, 0, 2), (2, 0, 2), (2, 1, 2)}. 



2. Four long exact sequences 

We present four long exact sequences relating different families of 
chessboard complexes. In this paper, we will only use the third and 
the fourth sequences; we list the other two sequences for reference. 
Throughout this section, we consider an arbitrary coefficient ring F, 
which we suppress from notation for convenience. 

2.1. Long exact sequence relating Mm,n5 Mm„_i, and Mm-i,n-i- 
Theorem 2.1. Define 

m 
s=l 

For each m > 1 and n > 1, we have a long exact sequence 

pm— l,n— 1 



-^ Hd{Mm,n-l) > MMm,n) > PT-i''^^' 



^ Hd-l{M 



m,n— ly 



Proof. This is the long exact sequence for the pair (Mm,n5 M^.n-i)- D 

We refer to this sequence as the 00-01-11 sequence, thereby indicating 
that the sequence relates Mm-o,n-0) M^-cn-i, and M^-i,™-!- Note that 
the sequence is asymmetric in m and n; swapping the indices, we obtain 
an exact sequence relating M^.n, M^.i „, and Mm-i,n-i- 

2.2. Long exact sequence relating M^.n? Mm-i,n-2? Mm-2,n-i? and 

Mm-2,n-2- 
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Theorem 2.2 (Shareshian & Wachs [19]). Define 

n 
prn-l,n-2 ^ It ® ^,(M[2,™],[2,n]\m); 
t=2 
m 

gm~2,n~l ^ 0sT(g)i/rf(M[2,m]\{s},[2,n]); 
s=2 
m n 

s=2 i=2 

For each m >2 and n >2, we have a long exact sequence 

T-,m—2,n—2 
^ ^d~l 

, pm-l,n-2 „ ^m~2,n-l ^ fj /r yi \ ^ pm~2,n-2 



pm— l,n— 2 ^j^ ^m— 2,n— 1 

We refer to this sequence as the 00-12-21-22 sequence. The sequence 
played an important part in Shareshian and Wachs' analysis [19] of 
the bottom nonvanishing homology of Mm,n- Note that the sequence is 
symmetric in m and n. 

2.3. Long exact sequence relating M^ „, F^ „, and M^-i,™-!- The 
sequence in this section is very similar, but not identical, to the 00-01- 
11 sequence in Section [2?n Define 

(2) r^^^ = {a e Mm,n : sT ^ cr for s G [3,m]}. 

Theorem 2.3. Define 

m 

note that this definition differs from that in Section ^I7\\ For each m > 1 
and n>l, we have a long exact sequence 



^ Pa 



-^ Hd-l[^rn,n) > ••• • 



,m— l,n— 1 
.m— l,n— 1 



Proof. This is the long exact sequence for the pair (Mm,n, ^m,n)- O 

We refer to this sequence as the OO-F-ll sequence. Note that the 
sequence is asymmetric in m and n. 
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Theorem 2.4. 


Write 


QT'' 


n-l _ 


RT"' 


n-3 _ 



2.4. Long exact sequence relating F^,™, M^ 2,n i, and M^ 2,n-3- 
Recall the definition of F^ „ from (12]) . 



;il-21)®iJd(M[3,^],[2,n]); 

For each m >2 and n > 3, we have a long exact sequence 

^ Rd-1 

^ Vd-1 ^ nd{lm,n) > ^d_2 

> Q7-t^-' — > • • ■ , 



'd-2 

where ip* is induced by the map if defined by 

ifiiU A 2t (g) x) = (IT - 2T) (g) X. 
and L* is induced by the natural map i((ll — 21) (gx) = (11 — 21) Ax. 
Proof. Define a filtration 



A° r A^ r A^ = F 

m,n ^ m,n ^- m,n m,n 



as follows: 



• A^ = F 

• A^ ^ is the subcomplex of A^ „ obtained by removing all faces 
containing {Is, 2t} for some s,t G [2,^]. 

• A^ „ is the subcomplex of A^ „ obtained by removing the ele- 
ments 12, . . . , In and 22, . . . , 2n. 

Writing A'^^ = 0, let us examine A^ „ \ Aj;;j, for z = 0, 1, 2. 

• i = 0. Note that 

K,n = M2,l * M[3,„]j2,n] = M2,l * M™_2,„-1. 

As a consequence, 

H.i^l^n) = (IT - 21) ® ^.-i(M[3H,[2,„]) = Qri''""'- 

• i = 1. Observe that 

2 n. 

^ln,n \ ^m,n = IJ IJ^^^^^^ * '^{3-«}.{l} * M[3,m],[2,n]\W- 
a=l «=2 

It follows that 

^d(Am,n,, Am,n) = «« ® ^d-1 (M{3-a},{l} * M[3,^] J2,„]\m) = 0; 
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M{3-a},{i} = Mi,i is a point. In particular, i7d(A^„) = HaiA'^J. 
• i = 2. We have that 

s,te[2,n] 

we may hence conclude that 

s,t 

By the long exact sequence for the pair (A^„,A^„), it remains to 
prove that the induced map ip* has properties as stated in the theorem. 
Now, in the long exact sequence for (A^ „, A^ ^), the induced boundary 
map from Hd+i^A"^^, A^ „) to Hd{Al^^) maps the element Is A 2t ® z 
to (2t - Is) (g) z. Since 

(2t -ls)^z- 9((lT A 2t + Is A 2T) ^z) = (iT - 2T) ® z, 

we are done. D 

We refer to the sequence in Theorem 12.41 as the F -21-23 sequence. 
Note that the sequence is asymmetric in m and n. 

3. Bottom nonvanishing homology 

Using the long exact sequences in Sections 12.31 and 12. 4[ we give a 
computer-free proof that if2(M5,5;Z) is a group of size three. While 
the proof is complicated, our hope is that it may provide at least some 
insight into the structure of M5 5 and related chessboard complexes. 

Theorem 3.1. We have that #2(M5,5; Z) ^ Z3. 

Proof. First, we examine M34; for alignment with later parts of the 
proof, we consider M [3^5] [2,5], thereby shifting the first index two steps 
and the second index one step. The long exact OO-F-ll sequence from 
Section 12.31 becomes 

> ^2 (r [3,5], [2,5]) > ^2 (M [3,5], [2,5]) -^ 52 ® ^i(M[3,4],[3,5]) 

> ^l(r[3,5],[2,5]) -^ i^l(M[3,5],[2,5]) > 0. 

As Shareshian and Wachs observed [HI §6], the complex M^.m+i is an 
orientable pseudomanifold of dimension m — 1. In particular, M [3,5] [2,5] 
and M[3,4],[3,5] are orientable pseudomanifolds of dimensions 2 and 1, re- 
spectively. Moreover, the top homology group of M[3,5],[2,5] is generated 

by 

z= ^ sgn(7r) ■37r(3) A47r(4) A57r(5), 
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and the top homology group of M[3 4]_[3 5] is generated by 

Y^ sgn(7r) ■ 3^^ A 4^^. 



z' 



Tree 



[3,5] 



Since uj*{z) = —z', the map u* is an isomorphism. As a consequence, 
the map t* induced by the natural inclusion map is also an isomorphism. 
The long exact r-21-23 sequence for F [3^5)^2,5] from Section 12.41 be- 
comes 

> (32-42)®#o(M{5},[3,5]) -^ i^l(r[3,5],[2,5]) > 0, 

which yields that each of -f^i(r[3 5] [2,5]) and i^i(M[3 5] [2,5]) is generated 
by ei = (32 - 42) A (53 - 5i) for i e '{4, 5}. 

Now, consider M5 5. The tail end of the r-21-23 sequence is 

lsA2t®^i(M[3,5],[2,5]\{s,t}) 



s,t 



V 



^ (11 - 21) ® //i(M[3,5],[2,5]) -^-^ H2{T,^,) ^ 0, 

where the first sum ranges over all pairs of distinct elements s,t E 
[2,5]. Writing {s,t,u,v} = [2,5], we note that ^i(M[3_5]j2,5]\{s,t}) = 
ill (M [3^5] {„.„}) is generated by the cycle 

Zuv = 3u A 4v + 4v A 5u + 5u A 3v + 3v A 4u + 4u A 5v + 5v A 3m. 



By Theorem 12.41 (p* maps Is A 2t ® Zuv to (11 — 21) ® Zuv Since 
Zuv = Zvu) we conclude that the image under ip* is generated by the six 

CycleSj23, ^24, ^25, ^34, ^35, Ub- 

In -ffi(M[3^5]_[2,5]), we have that Zgt = Zuv, because Zgt — Zuv equals the 
boundary of 

7 = 3m A 5s A 4t; - 5s A 4t; A 3t -F 4t; A 3t A 5m - 3t A 5m A 4s 
-F 5m A 4s A 3m - 4s A 3m A 5t -h 3m A 5t A 4m - 5t A 4m A 3s 
-h 4m A 3s A 5m - 3s A 5m A 4t -h 5m A 4t A 3m - 4t A 3m A 5s. 

Namely, 7 is of the form ai A 02 A 03 — 02 A 03 A 04 -|- ■ ■ ■ — ayi A ai A a^^ 
which yields the boundary — ai A 03 -|- 02 A 04 — ■ ■ ■ -|- ai2 A 02. As 
a consequence, the image under </?* is generated by the three cycles 

2^34; 2:35, ^45. 

Assume that s = 2 and {t, m, m} = {3, 4, 5} and write 

Wuv = 5m A 4s A 3m - 4s A 3m A 5t -h 3m A 5t A 4m 
- 5t A 4m A 3s + 4m A 3s A 5m. 
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We obtain that 

d{wuv + w^u) = (5m A4:S-5uA3v + 4:sA5t-3vAAu + 5tA3s 

- AuA5v + 3s A 5v) + (51; AAs-bvASu + AsAbi 

- 3uAAv + 5tA3s-4:vA5u + 3'sA 5m) 
= (4s - 3s) A (2 ■ 5t - 5m - 5m) - Zuv 

Since s = 2, it_ follows that Zuv is equal to either —64 — 65, 2e4 — 65, or 
—64 + 2e5 in -ffi(M[3 sjp^sj) depending on the values of t, u, and v. 

We conclude that the set {(p* {ll A 2t ^ Zuv) '■ {s,t,M,M} = [2,5]} 
generates the subgroup {(11 — 21) ® (ae^ + be^) : a — b = (mod 3)} 
of (11 — 21) ® -ffi(M[3^5] [2_5]). As a consequence, i^2(r5,5) — ^3, and 

p = (IT - 2T) A (32 - 42) A (53 - 54) 

is a generator for this group. Swapping 3 and 4, we obtain — p; we 
obtain the same result if we swap 3 and 4 or if we swap 1 and 2. 
Hence, by symmetry, the group 

T = ©{1,2} X ©{3,4,5} X ®{2,3,4,5} 

acts on i^2(r5,5) = ^3 by 7r(p) = sgn(7r)^- p. 

It remains to prove that 7^2(1^5,5) — -^^2(^5, 5). For this, consider the 
tail end of the OO-F-ll sequence from Section fT^ 

5 

0xT®^2(M[5]\{x},[2,5]) -^ ^2(r5,5) > ^2(M5,5)^0 

x=3 

By a result due to Shareshian and Wachs [191 Lemma 5.9], we have that 
^2(M[5]\{x},[2,5]) = ^2(M4,4) IS generated by cycles of type [%^] A [\^] 
and cycles of type [^2^] A [Y] 5 recall notation from Section 11.11 By 
properties of ip*, we need only prove that any such cycle vanishes in 
-f^2(r5,5) whenever x G [3,5]. 

• A cycle of the first type is of the form z = A ■ 7 A {du — dv), where 
A is a constant scalar, 

■y = as Abi + bi Acs + cs A at + at Abs + bs Act + ct A as, 

{a, b, c, d} = [5] \ {x}, and {s, t, u, v} = [2, 5]. By the above discussion, 
swapping s and t in z should yield —z, but obviously the same swap in 
7 again yields 7, which implies that z = —z; hence z = 0. 

• A cycle of the second type is of the form 2; = A ■ 7 A {cv — dv), 
where A is a constant scalar, say A = 1, and 

'J = as Abt + bt Aau + au Abs + bs Aat + at Abu + bu A as; 
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again {a,b,c,d} = [5] \ {x} and {s,t,u,v} = [2,5]. If {a,b} C [3,5], 
then we may swap a and b and again conclude that z = —z; the 
same argument apphes if {a,b} = {1,2}. For the remaining case, we 
may assume that c E [1,2] and rf G [3,5]. Swapping d and x yields 
—z = 7 A {cv — xv); recall that x G [3, 5]. As a consequence, 

2z = z — {—z) = 7 A {xv — dv) = d{cl A 7 A {xv — dv)); 

hence z is again zero. Namely, since c G [1,2], we have that cl is an 
element in Fs^s. As a consequence, ip* is the zero map as desired. D 

By Theorems 11.11 and II. 2[ the connectivity degree of Mm,,n is exactly 
^m,n — 1 whenever n > 2m — 4 or (m, n) G {(6, 6), (7, 7), (8, 9)}. As 
mentioned in the introduction, Shareshian and Wachs pL9j extended 
this result to all {m,n) 7^ (1,1), thereby settling a conjecture due to 
Bjorner et al. P]: 

Theorem 3.2 (Shareshian & Wachs \T^). If m < n < 2in — 5 and 

{771,71) 7^ (8,9), then there is nonvanishing 3-torsion in H^^ ^{Mm,n', '^) ■ 
If in addition 7n + n = 1 (mod 3), then H^^ „{Mfn,n', ^) — ^3- 

By Theorem 14.41 in Section 14. H there is nonvanshing 3-torsion also 
in ifj,g g(M8,9; Z); in that theorem, choose (A;, a, b) = (2, 1, 2). 

[Table 1] 

In fact, Shareshian and Wachs provided much more specific informa- 
tion about the exponent of Hum,n{^m,n', ^); see Tabled! 

Conjecture 3.3 (Shareshian & Wachs [IS])- The group /Jj,^ ^(Mm,„; Z) 
is torsion-free if and only if n > 2m — 4. 

The conjecture is known to be true in all cases but n = 2m — 4 and 
n = 2m — 3; Shareshian and Wachs [191 settled the case n = 2m — 2. 



Corollary 3.4 (Shareshian & Wachs [19]). For all {m,n) ^ (1, 1), we 
have that H^^^{Mm,n', ^) is nonzero. 

4. Higher-degree homology 

In Section 14. H we detect 3-torsion in higher-degree homology groups 
of Mm,n- In Section W^ we proceed with upper bounds on the dimen- 
sion of the homology over Z3. 
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4.1. 3-torsion in higher-degree homology groups. This section 
builds on work previously published in the author's thesis [101 [H]. Fix 
n,d > and let 7 be an element in ifrf_i(M„; Z); note that we consider 
the matching complex M„. For each k > 0, define a map 

9k : Hk-i{Mk,k+i', Z) — ^ Hk-i+diM2k+i+n', Z) 

where we obtain 7(^^+1) from 7 by replacing each occurrence of the 
vertex i with i + 2k + 1 for every i G [n]. 

For any prime p, we have that 6k induces a homomorphism 

9k ®z tp : Hk^iiMk^k+h Z) ®z Zp -^ #fc_i+d(M2fc+i+n; Z) ®z Zp, 

where tp : Zp ^ Zp is the identity. The following result about the 
matching complex is a special case of a more general result from a 
previous paper [T2] . 

Theorem 4.1 (Jonsson [T2]). F^x /^o > 0. VFzt/i notation and assump- 
tions as above, if 9kg ®z '•p ^s a monomorphism, then 9k ®i ip is a 
monomorphism for each k > ko. 

As alluded to in the proof of Theorem 13.11 in Section [3l we have 
that Mk^k+i is an orientable pseudomanifold of dimension k — 1; hence 
Hk-i{Mk,k+i]Z) = Z. Shareshian and Wachs [191 §6] observed that 
this group is generated by the cycle 

Zk,k+i= ^ sgn(7r) ■ l7r(l) A ■•• A /i;7r(A;). 

7re6[fc+i] 

Note that the sum is over all permutations on A; + 1 elements. Theo- 
rem U]T] implies the following result. 

Corollary 4.2. With notation and assumptions as in Theorem \4.1[ if 

{zko,ko+i A 7(2^0+1)) (g) 1 ^s nonzero m Hko-i+d{M2k»+i+n; Z) ® Zp, then 
{zk,k+i A 7(2^+1)) ^ I is nonzero in Hk-i+diM2k+i+n]'^) ® ^p for all 
k> kf). 

We will also need a result about the bottom nonvanishing homology 
of the matching complex. Define 

73^ = (12 - 23) A (45 - 56) A (78 - 89) 
(3) A ■ ■ ■ A ((3r - 2)(3r - 1) - (3r - l)(3r)); 

this is a cycle in both (7^-1(1^/13^,; ^) and Cr-i{^'ir+i'-, ^)- 

Theorem 4.3 (Bouc [5j). For r > 2, we have that Hr^i^Msr+uZ) = 
Z3. Moreover, this group is generated by 'j^r and hence by any element 
obtained from 73^ by permuting the underlying vertex set. 
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Assume that m + n = (mod 3) and m < n < 2m. Define the 
cycle 7m,n in H^^^{Mm,n', ^) recursively as follows, the base case being 
71,2 = if - 12: 



(4) 



In 



7m-i,n-2 A {171(11 - 1) - mn) if m < n; 
7m_2,n-i A {{m — l)n — mn) if m = n. 



For ra > m, we define 'jn,m by replacing ij with ji in 7m,n for each 
i G [m] and j G [n] . 

Recall that h'm,n = '"^^'^'^ whenever m < n < 2m — 2. 

Theorem 4.4. There is 3-torsion in Hd{Mm,n','^) whenever 
m + 1 < n < 2m — 5 I A; > 



r^^^^i ^ ^ ^ 



m 



a > 1 
b > 2, 



where k, a, and b are defined as in (^^. Moreover, there is 3-torsion in 
Hd{Mmm]'^) whenever 



2m- A 



< d <m -4 




Proof. Assume that k > 0, a > 1, and b > 2. Writing rriQ = a + 3b — 2 
and uq = 2a + 3b — 3, we have the inequalities 

(5) a + 36 - 2 < 2a + 36 - 3 < 2a + 66 - 9 ^^ mo < hq < 2mo - 5. 

Note that niQ + no = 3a + 66 — 5 = 1 (mod 3). Define 

(k4-l k-\-2) 
Wk+1 = Zk+l,k+2 A 7mo,Tio-l ) 

where we obtain 7mo,no-i from the cycle 7mo,no-i defined in (|4]) by 
replacing ij with {i + k + l){j + k + 2) . View 7mo,no-i as an element 
in the homology of M^^ „y. Since z^+i k+2 has type [ "'fc+i^^] and since 

7.0.0-1 has type r'tS-?'"^ i^r rather ^'^5-?' '1 ^ K]l we 
obtain that Wk+i has type 

'fc + 1 + a + 36-2,A; + 2 + 2a + 36-3l \m,n 
k + l + a + 2b-2 \~ [d + ^. 

hence we may view w^+i as an element in Hd{Mm,n] ^)- 
Choosing /c = 0, we obtain that 

A (1.2) 
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We claim that Wi has order three when viewed as an element in 

H mo+np-l ( Mmn-l-nn+3; ^) = -f^a+26-2 ( M3a+6fe-2 ! ^) • 
3 

Namely, we may relabel the vertices to transform wi into the cycle 
7mo+no+2 defined in (^. Since mo + no + 3 > 13, Theorem 14.31 yields 
the claim. 

Applying Corollary 14.21 we conclude that Wk+i (g) 1 is a nonzero ele- 
ment in the group Hk+a+2b-2{M2k+3a+6b-2; Z) (g)Z3 = Hd{Mm+n] Z) (g)Z3 

for every k > 0. As a consequence, Wk+i 1 is nonzero also in 

Hk+a+2b-2{Mk+a+3b-l,k+2a+3b-l'i Z) (g) Z3 = Hd{Mm,n', Z) Z3 

for every k > 1. Since Ha+b~3iMmo,no', Z) is an elementary 3-group by 
Theorem 13.21 and ([5]), the order of 7mo,no-i iii -f^r(Mmo,no) ^) is three. 
It follows that the order of tffc+i in -^d(Mm,n; Z) is three as well. 

The remaining case is m = n, in which case the upper bound on d 
is 771 — 4 rather than m — 3. Since a = 0, we get 

k = -2m + 3d + 4 f m = k + 3b - 1 
b = m - d-l^\d = k + 2b-2. 

Clearly, k > and b > 3. 

Consider the cycle Wk+i = Zk+i^k+2 A 73b_2'36_4- ^y Corollary 14. 2 [ 
Wk+i (S) 1 is nonzero in Hk+2b-2{^2k+&b-2]'^) ® Z3. Namely, up to 
the names of the vertices, Wi coincides with 766-3 in ([3]), which is a 
nonzero element of order three in the group if26-2(M66-2; Z) by The- 
orem U31 b > 3. We conclude that w^+i ® 1 is a nonzero element in 
^fc+2b-2(Mfc+36-i,fc+3fe-i;Z)®Z3 = ifd(M„_„;Z)(g)Z3. Since 36-3 > 6, 
we have that 73b-2,36-4 must have order three in if26-3(M3b_2,3fe-3; Z); 
apply Theorem 13.21 This implies that the same must be true for Wk+i 
in^d(M„,„;Z). D 

Corollary 4.5. The group H^{\^^^g;'L) = if^gg(M8.9; Z) contains non- 
vanishing 3-torsion. As a consequence, there is nonvanishing 3-torsion 
in H^^ ^^{Mm^n] Z) whenever m <n < 2m — 5. 

Proof. The first statement is a consequence, of Theorem l4.4( choose k = 
2, a = 1, and 6 = 2. For the second statement, apply Theorem 13. 2[ D 

Theorem 4.6. For 1 < m < n, the group Hd{Mm,n','^) is nonzero if 
and only if either 



m + n 



< d < m 
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or 
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m 


> 


1 ( k 


> 


2 


n 


> 


m + 1 <^=^ < a 


> 


1 


d 


= 


m — I b 


= 






where k, a, and h are defined as in ^. 

Proof. For homology to exist, we certainly must have that 6 > 0, and 
we restrict to a > by assumption. Moreover, 6 = means that 
(i = 771 — 1, in which case there is homology only ii m < n — 1, hence 
a > 1 and k + a > 2; for the latter inequality, recall that we restrict 
our attention to m > 1. Finally, k < reduces to the case 6 = 0, 
because we then have homology only if n > 2m + 2 and d = m — 1; 
apply Theorem 11.11 

For the other direction. Theorem 14.41 yields that we only need to 
consider the following cases: 

• k > 0, a = 0, and 6 = 2. By Theorem II. 2[ we have infinite 
homology for a = and 6 = 2 if and only if A; > (6 — 1) (a + 6 — 1) = 
a + 1 = 1. The remaining case is {k,a,b) = (0,0,2) <^=^ {m,n,d) = 
(5, 5, 2), in which case we have nonzero homology by Theorem 13.11 

• k > 0, a > 0, and 6=1. This time. Theorem 11.21 yields infinite 
homology for a > and 6 = 1 as soon as k > 0. 

• k>2 — a, a>l, and 6 = 0. By yet another application of 
Theorem II. 2[ we have infinite homology for 6 = whenever a > 1, 
k > 1 — a, and k + a >2. Since the third inequality implies the second, 
we are done. D 

Conjecture 4.7 (Shareshian & Wachs [IS]). For 1 < m < n, the group 
Hd{Mm,n] ^) contains 3-torsion if and only if 

m < n < 2m — 5 



^rn+n^-^ < d < m - 3 




Note that Conjecture 14.71 implies Conjecture 13.31 Conjecture 14.71 
remains unsettled in the following cases: 

• d = m — 2: 9<m + 2<n< 2m — 3. Equivalently, k > 1, 
a >2, and 6 = 1. Conjecture: There is no 3-torsion. 

• d = m — 3: 8 < m = n. Equivalently, A; > 3, a = 0, and 6 = 2. 
Conjecture: There is 3-torsion. 

The conjecture is fully settled for n = m + 1 and n > 2m — 2; see 
Shareshian and Wachs |19j for the case n = 2m — 2, and use Theo- 
rem 11.11 for the case n > 2m — 1 . For the case n = m -|- 1 , we have 
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that ifm-2(Mm,m+i; Z) IS torsioii-free, because Mm,m+i is an orientable 
pseudomanifold; see Spanier [201 Ex. 4.E.2]. 

4.2. Bounds on the homology over Z3. Fix a field F and let 

rm,n is defined as in (|2]). 

Lemma 4.8. For eac/i m >2 and n > 3, we have that 

/??" < /3r_f '""' + (m - 2)/37_-/'"~^ + 2("-^)/3™-''"-l 
T/ius, 6^ symmetry, 



nm,n ^ nm—l,n—2 . / c\\ nra—l,n—l . c\(m—l\ nm—3,n—2 

Pd — Pd-1 -r {^ — ^)Pd-l +^l 2 )Pd-2 



whenever m > 3 and n > 2. 



Proof. By the long exact OO-F-ll sequence in Section I2l3| we have that 

nm,n ^ rn,n . 1 c\\ nm—l,n—l 

Moreover, the long exact r-21-23 sequence in Section 12.41 yields the 
inequality 

^d —Pd-1 "'"^12 )Pd-2 

Summing, we obtain the desired inequality. D 

Define (3'^' = /3J^'", where k, a, and b are defined as in ([1]). We may 
rewrite the second inequality in Lemma 14.81 as follows: 

Corollary 4.9. We have that 

(6) 4"'" < Pr''" + ik + 2a + 3b- 3)(3l'\ + 2{^+-f'^-^) ^l+l'"-' 

fork>0,a> 0, and b > 2. 

Theorem 4.10. With F = Z3 and d = Vm,n, the second hound in 
■Lemma I4l8] is sharp whenever m < n < 2m — 5, -m + ra = 1 (mod 3), 
and {m,n) 7^ (5,5). Equivalently, the bound is sharp whenever k = 0, 
a > 0, b > 2, and {k,a,b) 7^ (0,0,2), where k, a, and b are defined as 
m dH). 



Ta,6 



Proof. Since Pq =1 for a > and 6 > 2 by Theorem 13. 2[ it suffices 
to prove that 

(7) /3o""''' + (2a + 36 - 3)/3!'|' + 2('^+=J-2)/3^+i'*-i = 1 

for all a and b as in the theorem; apply Corollary 14. 91 Clearly, /3q~ ' = 
1; when a = 0, use the fact that /Sg" ' = Po ~ ■ Moreover, Theorem IL II 
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yields that /3"'i = whenever a > and b > 1. As a consequence, we 
are done. D 

Theorem 4.11. For each k > 0, there is a polynomial fk{a, b) of degree 
3k such that /3^' < fk{a,b) whenever a > and b > k + 2 and such 
that 

fkia,b) = ^{ia + 3bf-9b')' + e,ia,b) 

for some polynomial ek{a, b) of degree at most 3k — 1. Equivalently, 

^T"" < hd-^ni-n^^{n -m,m-d-l) 

form<n<2m-5 and ^:^^if^ <d< ^"+"~^ - 

Proof. The case fc = is a consequence of Theorem I3.2[ Assume that 
k>l and b > k + 2. 

First, assume that a > 0. Induction and Corollary 14.91 yield that 

^f-^r''' < ik + 2a + 3b-3)fk-iia,b) 

+ 2('=+"+'^-^)/fc_i(a+ 1,6-1), 

where fk-i is a polynomial with properties as in the theorem. The 
right-hand side is of the form 

9k{a, b) = ^k-^^l_-^y {{a + 36)=^ - %')"'' (a + 36)2 ^ ^^^^^ ^^^ 
where hk{a, b) is a polynomial of degree at most 3k — 2. Now, 



T(^i:('/)(a + 36)— 1(_9,3).. 



3-n^ -.-,.0 



Summing over a, we obtain that 



i=l 



The right-hand side is a polynomial in a and b with dominating term 



1 ^fk-l\ia + 3bf''-^' - (36)3'=-3^ 



1)!-^ 



S'^-iffc-l)!^^ V W 3k -3i 

k 
n—n V / 



-96' 



3\£ 



i=0 



J^((a + 3i,)»-9i,^)'-J^(mV. 
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Proceeding with /3^' for 6 > A; + 3, note that (3^ ' = P^ ^ ■ As a 
consequence, 

< 4°''^' + (A: + 36 - 4)/3tV^ + 2 C^+f-^) /3f 1^' 
Using induction, we conclude that 

?>^-\k-l)\ ^ ' 3^-i(A;-l)! ^ '' 

where fk-i is a polynomial with properties as in the theorem. Summing 

30,1 



over 6, we may conclude that /3^' is bounded by a polynomial in h with 



dominating term -^g^^, . Combined with (|8]), this yields the theorem. 

n 

Acknowledgments 

I thank an anonymous referee for several useful comments. This 
research was carried out at the Technische Universitat Berlin and at 
the Massachusetts Institute of Technology in Cambridge, MA. 



[1] 

[2] 

[3] 

[4] 

[5] 

[6] 

[7] 

[8] 

[9] 

[10] 
[11] 



References 

J. L. Andersen, Determinantal Rings Associated with Symmetric Matrices: a 
Counterexam,ple, PhD Thesis, University of Minnesota, 1992. 
C. A. Athanasiadis, Decompositions and connectivity of matching and chess- 
board complexes. Discrete Comput. Geom. 31 (2004), no. 3, 395-403. 
E. Babson, A. Bjorner, S. Linusson, J. Shareshian and V. Welker, Complexes 
of not i-connected graphs. Topology 38 (1999), no. 2, 271-299. 
A. Bjorner, L. Lovasz, S. T. Vrecica and R. T. Zivaljevic, Chessboard com- 
plexes and matching complexes, J. London Math. Soc. (2) 49 (1994), 25-39. 
S. Bouc, Homologie de certains ensembles de 2-sous-groupes des groupes 
symetriques, J. Algebra 150 (1992), 187-205. 

X. Dong, The Topology of Bounded Degree Graph Gomplexes and Finite Free 
Resolutions, PhD Thesis, University of Minnesota, 2001. 

X. Dong and M. L. Wachs, Combinatorial Laplacian of the matching complex. 
Electronic J. Combin. 9 (2002), no. 1, R17. 

J. Friedman and P. Hanlon, On the Betti numbers of chessboard complexes, 
J. Algebraic Combin. 8 (1998), 193-203. 

P. F. Garst, Cohen- Macaulay complexes and group actions, Ph.D. Thesis, Uni- 
versity of Wisconsin-Madison, 1979. 

J. Jonsson, Simplicial Complexes of Graphs, Doctoral Thesis, KTH, 2005. 
J. Jonsson, Simplicial Complexes of Graphs, Lecture Notes in Mathematics 
1928, Springer, 2008. 



20 JAKOB JONSSON 

[12] J. Jonsson, Exact sequences for the homology of the matching complex, J. 
Combm. Theory Ser. A 115 (2008), 1504-1526. 

[13] J. Jonsson, Five-torsion in the homology of the matching complex on 14 ver- 
tices, J. Algebraic Combin. 29 (2009), no. 1, 81-90. 

[14] J. Jonsson, More torsion in the homology of the matching complex, submitted. 

[15] D. B. Karaguezian, Homology of complexes of degree one graphs, PhD Thesis, 
Stanford University, 1994. 

[16] D. B. Karaguezian, V. Reiner and M. L. Wachs, Matching complexes, bounded 
degree graph complexes and weight spaces of GLn-complexcs, J. Algebra 239 
(2001), 77-92. 

[17] R. Ksontini, Proprietes homotopiques du complexe de Quillen du groupe 
symetrique, PhD Thesis, Universite de Lausanne, 2000. 

[18] V. Reiner and J. Roberts, Minimal resolutions and homology of chessboard 
and matching complexes, J. Algebraic Combin. 11 (2000), 135-154. 

[19] J. Shareshian and M. L. Wachs, Torsion in the matching complex and chess- 
board complex. Adv. Math. 212 (2007), no. 2, 525-570. 

[20] E.H. Spanier, Algebraic Topology, McGraw-Hih, 1966. 

[21] M. L. Wachs, Topology of matching, chessboard and general bounded degree 
graph complexes, Alg. Universalis 49 (2003), no. 4, 345-385. 

[22] G. M. Ziegler, Shehability of chessboard complexes, Israel J. Math. 87 (1994), 
97-110. 



3-TORSION IN THE CHESSBOARD COMPLEX 



21 



Table 1. The exponent e^.n of H^^^{Mm,n', ^) for m < 
n < 2m - 5 and (m, n) ^ {(6, 6), (?', 7), (8, 9)}. On the 
right we give the values k, a, and b defined as in ([1]). 
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Restriction 


^m,n 


k 


a 


h 


5 




3 





>o 


2 


6 


m> 7 


divides ey^g 


1 


> 1 


7 


m> 9 


divides eg^n 


2 


> 2 


8 




3 





>o 


3 


9 




divides gcd(9, eg^g) 


1 


>o 


10 


m = 10 


multiple of 3 


2 


= 


m> 11 


divides ey § 


> 1 


ll + 3t 


t > 


3 





>o 


4 + t 


12 + 3t 


divides gcd(9, eg^g) 


1 
2 


13 + 3t 
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